Pre-Calculus 12 : Year - End Review Booklet

.Chapters 1 & 2 : Transformations

1. In what order should transformations be applied to a graph?

* reflechons

« verhcal / horizontal stetches

« verhcal / horizantal +ranslahons } always done

2. Describe the transformations in each equation in an appropriate order.

Q)2y—-8=6f(x—2) rewrite b) y = —3f(—4(x — 1)) + 2

Y= 3f(e-2)+ 4 1) reflechom.
1) vert. stretch by a factor of 3 2) reflechon over y-axis
2) horiz. trans. 2 wunvs ragh+

3) vert. trans. 4 units up ho
5) horiz. trans. |

. b) vert+. trans. 2 units

3. Given the graph of y = f(x), sketch the graph of the transformed function.

b) f(x) = 2f(3x-L) - 10
= 2f(3(x-2)) - 10

rz -

sk

over X-oxXis

3) vert. streteh by a factor of 3
W) horiz. stretch by « factor of Yy

unit r:'3h+
up
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4. The following transformations are applied to a function y = f(x).
« Vertical stretch by a factor of 4 a=Y4
e Horizontal stretch by a factor of 3 b= %
o Reflection overthe x—axis o is neg.
e Translated 2 units up, 5 units to the left
K=12 h=-5
a) create a mapping notation for the transformations

& D M A - S ST D)

b) If the point (=2,5) is on f(x), use the mapping notation to find the new point after the
transformations are applied.

(-2,5) — (3(1)-5, -4(s)+2) —> (-b-5 ,-20+2)
—  (-u,-18)

5. Sketch the inverse of the following function.

— ke
% -5| 3
| 3|3
I 01
hE 2::|ib
L b |~y
e Invers e
s x |y
| 3 |-5
3 |-3
i 1| o
b |2
4 | b

: )
Inverse : X e 0h (/y{)
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7. The domain and range of a function are {x|-3 <x < 6,x e R}and {yly > 7,y € R}. State the
domain and range of the inverse function.

‘ inverse D s {x|x>7,x£lR}
R - {y,-SsBSb,gefR}

8. Sketch the graph of the function. State the domain and range.

y=2yx—-3+4
+3 x|y -2 +y4

i)y Y
L SR il B SR T
T &0 M- 8

12 0 LS -2l 1l

p: I |ixz9 x €M}

,
o 5 10

Re fylyzy4, yem} , |

.9. Write a single equation for a radical function with the given domain and range.

D: {x|x=3,x €R} e
R: {yly<-5y€R
5 i’ y €R} y=-Tx=3 _c
reflechion over \

X-axls

10. Solve the following equation graphically.

91:2'\Jx+7, y:'—x 2\/x+.=1_x
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Chapter 3 : Polynomials

1. State the following for the given polynomial function: f(x) = x* — 5x3 + 2x? + 20x — 24 .
Degree yth
Type quartic
Sign of leading coefficient positive
Constant term - 24
Maximum number of possible x -
intercepts 4
Value of the y - intercept (O =24 )
!

up m quad IC
up M quad T

End behavior

2. Use the Factor Theorem to determine whether x* — 2x2 + 3x — 4 has x — 2 as a factor. ' ;
Fayz =20 viz@)y-y
= lb-8 +b -4
=10

remainder IS hot zero

SO x-1 IS not a factr
3. Find the value of k if the remainder is 3 when x3 — x2 + kx — 15 is divided by x — 2.
‘F(’L) =3

QP - (2 d k) -15 =23
8 - 4 + 2k - 15 =3
=1} 2l =3
2k = o

K =17




4. For the following function, determine the x-intercepts, the degree and end behavior of the graph,
the zeroes and their multiplicity, the y-intercept of the graph, intervals where the function is positive

.Jnd negative.

y —intercept

f(x) = x* +4x3 — 7x% — 34x — 24
degree and end behavior

(0,-14) Y™ . upim quad T, up i quad T

x —intercepts zeroes and multiplicity

4 TN, B, B3, eM R, oy

Py x=-1 GOt v’ - suen - e L A
I =4 = T34 =241=0 = | s e =18
X+] is a facter [y 1 - 0
L]Y % =1 =34 -2¢ ;i
_-IJr 1> -)p -M (x+1)(x+2)(x"+ x-12)
x[1 3 -0 -4 0

(x4 (x4+2)(L+H(x-3)

x - infercepts /zerveo

(x+1)(x® +3x* -10x-24)
by x=-2 (<20 #3620 -10(2) -24
. -8+12+20-24 = oV

X+2 15 o fackr

intervals of positive and negative

Xs =l <2, ~453

each has oo muwhplicity of me

I / positive : X <-4 , ~2¢x<-1 , X33
bm . |
L, ~L-W3 negah‘ve: “Hex €= 5 =l <dn <.3
Chapter 4 : Trigonometry and the Unit Circle
1. Convert the given angle from radians to degrees or vice — versa.
O) _Sgi( . _|8L_ = 900 - loo. b) 240° - T = MO T = q,—“’
x g 180 180 3
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2. Find one positive and one negative co - terminal angle for the original angles in question #1.

@) 5T +wm - 5m 4+ 187w - 25T b) 4D" +3L0° = 400°
9 9 9 9
W0° - 360" = -120°
5w -2 = SW - 18T - - W
9 9 9 9

3. Acircle has a central angle of 40° and a radius of 7 ft. Find the arclength of the sector.

0= yo° g 2 xe?

X = PR TRS L DURITE S Bibi o e
180 180" 180 7

4. Aradius of a circle is 8 cm, and the length of an arc on the circle is 12 cm. In radians, what is the
cenfral angle that subtends this arc length?

r=8ce¢m X2 12 em

X220
6= 12 = 86
.8
3 G=.3_m¢1.
2

5. The point P(x,y) is located where the terminal arm of an angle 8 and the unit circle intersect
Determine the coordinates of point P if:

r=1}
a) 6 = 210° b) g ==
‘e -y eR_soo ,J'_)_’.ﬁ’
x:-'ﬁ‘r\z'o 2 ) L
| o e <I* B
et ey Kz-1 2l
-3 -l el b
o= (7303) ) ()




é. ldentify a measure for the central angle 8 in the interval 0 < 8 < 2r such that P(8) is the given
point.

.c) (-3

b) (1,-v3) -
Or : 5~
' 9= - -% /l'\ | 6
| T D B | S 1
; o 6r ,_‘r; 2
0- ETL 2 .
L 0 B
2
7. Solve 5sinf +2=1+3sinf ; 0<6<2m Expressyoursolution as an exact value.
2sind = -
. NELS
SINQ: =z oo )d Or - b
>
- T+ I G -1
6, TT L 7 (7
(]
' ﬁ—'\\'\ﬁ O = 7_'" 6 - M
Or o b b
A : =
(V2% :
Chapter 5 : Trigonometric Functions and Graphs
1. Determine the key features of the function y = —5sin (% (x — g)) +15
: a) Amplitude I- 2 I =5 b) Period  _2W_ - Yyqr F2 N
; (V2.)
c) Phase shift T 4 the righ+ d) Vertical displacement uw I5
yA
e) Domain {xlxtﬁ\} f) Range {y’losgszo, yiﬂl}
X
I5-5 IS+5S

amp

TR T T AT T




2. Write the equation of each sine function in the form y = asinb(x — ¢) + d given its characteristics.

a) amplitude 2, period r, phase shift g to the left, vertical displacement 1 unit down
RFt oWl Grenl = -
b >

b=2 y= 2sin2(x+3) -

b) amplitude % period 6m, phase shift w to the right, vertical displacement 2 unit up

a: L bmw = 21T ¢z d: 2
* b
b=l
3

y: -A-sin-%(x-'ﬂ') + 7

3. Graph the following function (show 2 full periods). State the period and phase shift.

i y=2cos%(x—72—r)+2

(B) ~ Hw = WT t the right

Period :

phase shift :

| middle line

Wy 2 5 xaliy
o o & &
sy, » JH | &
S5y, aat (oA
I’g
4

Ty, At 30
9W/L }f( 2“‘/




4. Solve the following frigonometric equations algebraically, using exact values.

"J) 4sin (x —%) =-2

1 i
let m:= X 3

Ysin(m) = -1

sin(m) = -1
1

0<x<2m

frf\m./me%
Y

5 e e
m, ! b
2\J
= lm
b
b)Zsin2x+Ssinx—3=0 0<x<2m

2siIn*X = SINX + bSihy =3 =0

sinx (2s\nx—1)+3(2smx=1) =0

(2einx =1)(sinx+3)

/

. 5l
sinX 7

0

\
sinx = =3
hot  possible

Chapter 4 : Trigonometric Functions and Identities

1. Simplify the following

a) cos(8 +90°)

c0s© cos90® - sin

: -sind

© sin9o’

cos®(0) - sind (1)

sin (15° +65°)

sin (90°)

b) sin 25°cos 65° + cos 25°sin 65°

z JE
X= m+3
= 10
x|-ml‘r':g' X2 mt-f?
In ¢ = UYE 445 20
o b b b
1 ke = BT
b b
= 2T
= 3 : i
2 bugaer +han 1
Cour restrichon)
Find coterminal angle .
11
b
sinx = L X3 = L
1 Xv
‘A X1 Xy 'E'
i
Xy = 5T
)(vﬁ._l b
b

|
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2. Solve the following trigonometric equations: express your answers accurate to 2 decimal places

for0 <x < 2m.
b) 2cos?x = —3sinx &

2sec’x - secx + bsee x - 3 =0 o 2(l-sim™x) = ~3smx
{

seC X (2cecx-1) + 3(2seex-1) =0 '

a) 2sec?x +5secx —3 =0

0 = 2sm —3sinx -2

0 = 2sin'x - Ysing + sinx -2

(2seex —1)(secx+3 ) =0 ‘
s 1 Xref = 1.13 0= 2sinx (sing~2) +1 (sinx-1)
seexs secy =-3 1.0l % 0= (sinx-2)(2sinv+1)
cosy = 2 cosx: —d xu ! 5 5y
: 3 l Sing =1 sSiny = "-_Ii_
Not possible use cale. : not possible
X2 1.91 )
; X)= 1. 3
x'l-' 431 ! b ;b-l

3. Solve for all possible solutions in radians. Find a general solution.
sin2x = 2sinx
SIN2X -1SInX = ©

2smxcosx - 2sinx = 0

2sinx (cosx-1) = o ™)
l \ X=Trnt N ek
ZS'mz:o ¢osx -1 =0
Sinx =0 cosx = |
o o~ |
4. Use sum or difference identities to find the exact value of each trigonometric expression.
a) sin15° b) tan165° (SR X \’w’
= sin(45°-30°) = tan (10" + 45°) -
= SINY5eos30° - cosUS sin30" = tun1w” + tanys®
= ¥y 1 | = tan 120" tanys'
= (£3%) - (Lxd)
e ) wodb ¥ B—gWa
: 43 =1 L‘E’ i =
5 i 1 - (-3)(1) & nlB
: qo -1 2 (A3 +1) (1-43) D
2RI} 1+AN3  (1-V3)
S = A3+ N9 -3+
-~y

t -
T e R ST




5. Simplify the following:

2 .. 2 secf—cos @
‘J) cot® xsin“ x + cos*x o
+ costx s/u:i')( + costX | . cosb -_cos® o SN sn®
SIAX 3 cos o cos® ¢0s9 Cos?O
1 _ sing.smb
: cos*x + costk sin® sing ‘g
- sin’0O
: I- cos*® 05’0
: 2costx cos6
: = fen’©-
- sin'*0
sno®
c) (1 + cosB)(csch — coth)
= ¢schd - cot® + cosOesed - cosOeotd
= - cosO7+ cosB- A - cosH-cosd
Sin® nd sl sIn®
= | = COSLO
. sin®
= sint - sin®
sin®
6. Prove the identiy.
a) sin®x + sinx cos? x = sinx ety o coty
sinx+sin 2x
: {0
A , &5
sinx (s + cos*x) | SInx K+ cosx + (2cos*x —=+) ' cotx
> . : l
sinx (1) [ SINX +2SINXCOS X
< | !
Sing ' cosx (1 + 2e05y ) '
(

sinx (1L+2c08x ) |

COSX
Sl;l X [

cotx |




—

sin2x cotx _ cscx+l
) 2-2 COSZX " COtx d) cscx-1 e cotx
- |
_2SIN% COS X sl % cotx (escx+l) I o S d
2(1- costx ) ' (esex —1) (Csex +1) | comi
3 |
SAX cos X ' cotx (esex+!)
sin¥X ( 5 '
| ¢se X — |
cos X |
. | cy(x (esex+!)
siny \
( cotfx '
cot % (
esex + | |
cotx

Chapter 7 : Exponential Functions

1. Graph the base function y = 2* and the transformed function y = —2(2)*"* + 4 on the same grid.
Describe the transformations.

Transformations: ' T
) 10

reflechon over x-axis

verhcal stetch by facter of T il e S ous: (N I ) i &

v

horiz. 4rans. | unit right { 2%
=Z. |

ver+. +rans. Y unid LLP RS, e

+1 X y eelalvdly
0 M| =B ;
| P =t i 7
2.0 e o O i
ga2h| B o8 £
E --2.(‘2.)"‘"I +4




2. Solve.

-2n
Ou) 64 = 16%+5 b) 3673 216 = (1)

216

3(y4x) _ 2(n+s) B _3(-1n)
q - u lgl( 3’\) . b3 = b
exp. only 1 12x = 2x 410 exp. Onl\/ t ~bh+3 = bn
lox = \0
S 32 I2n

LEF= ) “’\;)

C) =812x
243~x"1
2.(3x)
Y . 34(74)
35(—)(-!)
exp. only | ox — 5(=x=-1) =. 8X
‘ bX + 5x+5 = 8x

=5
3x = —S o

3. The half - life of sodium — 24 is 17 hours. A chemistry ’reocher has 40 mg of sodium — 24. After how
long will only 5 mg remain¢ t

=:AL(C = I
A G Az Aol Ly =)
Ao = 40 = Lio( )\1 l 3 i_
ex_P. Ohyf = 1
{7 = ? Lb L+o —L E‘
= 17 L 1
T ;T ()
4 Al
Z
4. A bacteria culture starts with 6250 bacteria and doubles every 3 hours. What was the population 9
__housago? : Z .
A = b150 6150 = Ao (2)
B 3
& 0150 = Ao(2)
L
T = 3% 0150 = B8he 181 bacteria-
‘ il 18115 = Ao




C

5. At the initial count, there were 530 bacteria in a culture. Ten hours later, there were 14310
bacteria. What is the tripling period for this type of bacteria?

g 1+ 15
Ao = 530 4310 = 530 (%) T P,
A = 14310 530 5%0 exp.only
Lol B L e %= 10
il 3 3 ;
cz 3 ¥ s T=210 = 3—Lhr
g 2

(T2 30 2omin>

Chapter 8 : Logarithmic Functions

1. For the equation y = 3log, (6(x + 2)) — 4, state:

a) Domain b) Range
{x] xv-2,xeRr] Tylyer}
c) Equation of the asymptote
X==2

d) x —intercept (if it exists) e) y —intercept (if it exists)

0 = 31logs(b(x+2)) - 4 Y=3logg(blo+2)) -4

T;t = logg(b(x+2)) =%logslz -4

W =S-laglk: — M4

52 = b(x+1) log5

b

¥
5% 2 by /@
k N
b

2. Simplify to a single log and then evaluate (if possible).

) 2log, 12 - (log, 6 +3log, 27) (b) 2log, 4 +log, 3~ log, 11
| /-.%) ! ¥ y i
el e el
= log, 12"~ log,o - IogJ’)”, {8/ log;(_” )
{
]092 {444,.—{092&.*('39;,5 fipi7™ l091,(8) I

w
)

48
il 144) o e s ()



i
c) logx — 3logy+§logz
e log (

3

Y

d) logy(x +2) +log,x bases

\ogz(xn) + log¥
log*

- (091()(1-1«) + 109X
2

logl(Xﬂ) t 'zl_" lOgL)(

3. Solve. Express your answer to the nearest hundredth, if necessary.

a) log,(2x - 3) —log,(x +2) =1

rest: 2x-370

+

X

log, ( Zx—‘ﬁ) o
X+1
1 pe -3
X+1
(L+L) = RS S5x = —117
S
b) log, (x + 2) —log, 4 = log, 3x reshs X +1720 3¢ v 0
X+ ok K By X5
logb( : - log,, 3X XD
X+Hb = 4%
L'-
x+2 = I12x
7 = kil
_’“L-.x rest . ole |
c) 2log,(x +4) —log,(x +12) =1 pest: X+4 50 X +12>0
S il f - ) Kheeiid
log,, ( <X+4)L) i
(x+12)
0= (X+8)(Xx-4
oo (x+w)” d L)
(x+12) )(7/3 @
£ g
o Ux + 48 X* 4+ 3x + lb Jeecnol
0 = X'+ 4x- 32 meet resi.
0 = (X-#—B)()('—q‘)

X+1li72'o

dont matech
L

= logy(x42) + loga X

(= Iog;((xn)(xl‘))

3 v
(og;(x L2E )

=2




-
A
d) 2In(5x - 2) = 16 rest. X% %
G /Z s Bs
n(5x-2) = 8 P
68 = Sx-27
ehed Toow
5
S59.0L = X

4. Solve. Express your answer to the nearest hundredth, if necessary.

O) 92x-1 - 71x+2 b) 4(7x+2) _— 92x-3
(2x-Dlog9 = (x+1) log7l log‘} + (x+2)logl = (Zx—b)lag9
2x 1099 -1log9 = Xlog7l + 210g97! ;094 ¥ xl097 +21097 = 2,4099 - 31099

leag‘}- xlogﬂ = Zlog7! + 1039 xlog-l —2x1039 : -3!099 -log‘f—llog'l

x (2log% -1og71) = 210571 + log9
9 5 g ! x(log7~2,1099) = -3!099—l09‘+~1109')
X 2.'0971 o= 1091

2log9 - log 71 %is —31039 —l09‘+~2l03')

C) e3x+1 =2

(3x+l)Ine = Ln2
3x+| = n2
X s lnl-1

3




Chapter 9 : Rational Functions

.l . For each function, find the locations of any vertical asymptotes, points of discontinuity, and

intercepts. : Sl
a) y =25 | ) y = 253 2% (-%) +1(x=3)
X“+9x+20 l x2—1 (_\L-— 3)(1,‘_*')
= X (¥Y+¥) P 1 = (x-3)(2x+l)
(x+F) (X+5) X+5 (x+1)x=1)

pt.of disc. at x= -4 no point of disc-
W

|
I
‘ ANV v
| verd. asymph+es alrw
-4+S

— Y+ | = |

\@ | X-int. J‘_“‘L
]
{
i
l

u
1
o
"
[
L

vert: asymptote ot (x=-5) @ Y= (0-3)(2:0+1)

x—int. y-int . (0+l)(o—l)/y~

' 0 . (-3Q) ﬁ
~ 045 @ ( aIC-1) 3

B

raph the following functions using transformations and show at least 6 points. Label/identify any
asymptotes.

.o)y=_—2+1 b)y=

4,

= 2 —0)

x
x—2
x+3 3




Chapter 10 : Composite Functions

1. If f(x) =Vx + 2 and g(x) = [2x]; find f ° g(=7)
{09 (=9) = -F(g(-‘l))
(-1 = |G| = |-w] = 1%
FOu) = Niw+z = Nw = 4
foa(-1) = %
2. If f(x) =x% + 7 and g(x) = 2x — 1; find f(g(x))
fgl0)) = (2x-1)* +7
= (x-D2x-Y +1

= gyl -2y -2 +1+]

Chapter 12 : Geometric Sequences and Series

1. How many terms are in the geometric sequence 2,6,18, ..., 486

n="1 L i G g
ty 22 bl 2.5,,4 exp only =
=R T (rb =n
e hag w3 = 3" i
R
2. The sum of an infinite series is 63 and the first termis 21. Find the common ratio.
Seo = b3 e by b3(1-r) = 2|
t = 2] I=r b —b3r = 2|
o b» = 21 -b3r = -42

‘-—r

3. Find the sum of the first 12 terms of the following geometric series: 12 + 4 + i; +.....
n=h Sn= (M -1)

IR Fei Siz = 11999900 - -

.
v A Sz = 12 () -1)
Sn 37 (Wy) -1

~11.999911

u

(-2/3)




